Abstract-In the field of graphics, to maintain the incompressibility of volume, most of Smoothed Particle Hydrodynamics (SPH) methods based on the continuity equation of incompressible fluids, which are proven to be effective, focus on the correction of density error and the divergence-free velocity field. However, these two conditions are considered separately in the existing methods, which leads to a time consuming process when the algorithm is used to deal with the continuity equation. In addition, the two conditions that are treated separately can also cause the continuity equation to be inconsistent in the parameters and variables, which results in the instability of the fluid. In this paper, an effective and efficient SPH method is introduced to simulate incompressible fluid. This method shortens the time of fluid simulation by coupling the two conditions of density-invariant and divergence-free, and achieves the similar simulation effect compared with other methods. Further, we regard the displacement of particles as the only basic variable of the continuity equation, which improves the stability of the fluid to a certain extent.
I. INTRODUCTION
N ATURAL phenomena physically based simulation is an attractive proposition in the computer graphics. Some significant research results have been reported, such as the simulation method of gases [1] , waves [2] , [3] , solids-fluids [4] , viscous fluids [5] , viscoelastic fluids [6] and mix fluids [7] . These natural phenomena can be simulated and visualized in the virtual world. However, some challenging problems still remained. One of them is how to control of the algorithm time-consumption obtain a very good effect of the whole liquid simulation under the precondition of ensuring the incompressibility of the fluid.
SPH is a meshless Lagrangian method which has been proven to be an effective choice to simulate various fluids. In general, mathematical models of the incompressible fluids are based on the Navier-Stokes (N-S) equations in the Lagrange Coordinate System. The N-S equations satisfy two conditions, namely the mass conservation equation and the momentum conservation equation [8] , [13] . For homogeneous incompressible fluid, the volume of the fluid contained in the system remains the same, and the density of the fluid in the system is not affected by the change of pressure. The particle derivative of its density is zero, i.e. Dρ Dt = 0, which implies we can get ∇ · V = 0 from the mass conservation equation. Owing to the homogeneous incompressibility of fluid, the density on the time of the partial derivatives is also zero, i.e. ∂ρ ∂t = 0. In accordance with ∂ρ ∂t = 0, Dρ Dt = 0 and ∇ · V = 0, the homogeneous incompressible fluid must be also fulfilled ρ = ρ 0 . Therefore, the incompressible SPH in theory needs to meet the two conditions of density-invariant and divergencefree at the same time.
Around the SPH method, several approaches [33] , [11] , [12] , [13] , [14] have been introduced to simulate incompressible fluid simulation by satisfying the divergence-free or the density-invariant. However, some approaches have been suggested to guarantee the density error without considering the divergence error [33] . Although the density-invariant and the divergence-free conditions are taken into account [12] , [13] , they analyze the two conditions separately , which results in the heavy time cost and makes it impossible to simulate high resolution fluid in a reasonable time. In addition, the divergence-free condition takes the velocity as a basic variable for the correction velocity of the particles. Yet, the constraint condition can augment the density-invariant by taking the particle's position as a displacement variable. These factors can lead to the instability of the fluid. Fig. 1 . The particle distribution of our CISPH is more regular and homogeneous than that of the DFSPH or the FISPH. The 4.8k particles and simulated with Ours, DFSPH and FISPH.
In this paper, a new SPH based framework of incompressible fluid simulation is proposed, which satisfies both the divergence-free and density-invariant condition, without splitting the continuity equation into two separate parts. The density-invariant and the divergence-free conditions are also coupled to compute for improving incompressible SPH efficiency. In each convergence iteration, we take the particle's position as the only basic variable in the continuity equation and constantly correct the position of the particles to control the stability of continuity equations , which can reduce the particle clumping artifact. Therefore, the particle distribution of our coupling incompressible SPH (CISPH) is more regular and homogeneous than that of the DFSPH [13] and the FISPH [12] in Fig. 1 . In addition, the proposed method maintains the compressibility of liquid and the maximum local divergence error, which is similar to DFSPH and FISPH. More importantly, the total time of computation for each iteration is reduced nearly halves than DFSPH and FISPH.
In the rest of the paper, we review previous equation of state solvers and equation of continuity solverss in the section 2. Then, we describe the incompressible SPH formulation in section 3. In section 4, we present description of proposed method, followed in Section 5 by experiments and results to evaluate the algorithm. We conclude the paper in Section 6 with summary and future work.
II. RELATED WORK
The Smoothed Particle Hydrodynamics (SPH) method was developed by Gingold et al. [16] and Lucy [17] for the simulation of the planetary motion. After applying the method to free surface problems [18] , a variety of incompressible fluid simulation methods have already emerged. With the development of computer graphics, several methods of simulating incompressible fluid using SPH framework have been proposed [19] , [20] , [21] , [22] . We will illustrate these two categories: equation of state (EOS) solvers and continuity equation solvers (CE).
A. Equation of State Solvers
Based on the report from Ihmsen et al. [23] survey, the EOS solvers are divided into non-iterative without splitting, and non-iterative (iterative) with splitting.
State equations are used to compute pressure from density. Pressure is often related to
where k and r are stiffness parameters and ρ 0 is the constant density. The formulation p i = k(ρ i − ρ 0 ) is used [28] , [29] , [26] . [27] proposed 
B. Equation of Continuity Solvers
The continuity equation is based on the mass conservation principle. The fluid mass does not change with time in a closed system. Several studies have been conducted to overcome the density fluctuation by continuity equation.
[33] provided a new approach that the problem about density fluctuations was caused by the fluid flow, and pressure values were updated until the target density was satisfied. Ihmsen et al. [11] combined a symmetric SPH pressure force and a SPH discretization continuity equation to solve the discrete form of the pressure Poisson equation (PPE). They took into account the actual calculation of the pressure to improve the convergence speed of the solver and compute the density bias by velocity rather than positions which can improve the robustness of the time-integral method.
Although the divergence-free condition can prevent the density invariance, its error could make the simulation results unstable [34] . To further enhance the density preservation and preserve the volume of a splash droplet, the divergence-free and the density-invariant conditions are applied respectively to simulate incompressible fluid [12] , but they failed to solve the pressure Poisson equation. An incompressible polyphase SPH method is proposed by X.Y. Hu and Adams [35] . In their method, by using a fractional time step method, they enhanced the density-variation and divergence-free conditions during each iteration.
Shao et al. [36] used prediction-correction fractional steps with the temporal velocity field integrated forward in time, but they did not enforce fluid incompressibility during each prediction step. Then, the deviation of particle density was projected onto divergence-free space to guarantee fluid incompressibility. In this paper [13] , they proposed a new efficient and stable SPH method, which considers the divergence error and the density error of two pressure solvers respectively instead of satisfying both the divergence-free condition and the density-invariant condition in the previous methods.
In particular, the divergence-free condition significantly achieved the stability of fluid and reduced the solver iteration times, which allows larger time-step can causing considerable performance problems. Jan Bender et al. [14] introduced a implicit solver to simulate highly viscous fluids. They can seamlessly be incorporated into their solver framework based on the volume compression and the divergence-free velocity separately.
III. INCOMPRESSIBLE SPH FORMULATION
The kernel of the SPH is an interpolation technique that allows some functions to be represented by its value at a set of particles [37] . The integral interpolant of the variable A(r) with a normalised smoothing kernel function W is defined by
where the dt is a differential volume element. We can then approximate (2) by the summation interpolant. A quantity A i at an arbitrary position x i can be interpolated with a set of known quantities A j at neighboring particle's position x j :
where the summation is over the particles, m j is the mass of particle j, ρ j is density of particle j, and W (x ij , h) is the kernel function which satisfies the unity condition W (x, h)dx = 1 and W (x, h) = 0 for |x| > h. According to the SPH fluid simulation, the N-S satisfies two conditions, namely the continuity equation and the momentum conservation equation,
where
) is the material derivative, t denotes the time, f its the body force, µ the viscosity, p the pressure and ρ the density.
The particle density ρ i for particle i at location x i can be computed as follows from the (3), when A j is denoted as ρ j , we have
After computing the density, the pressure can be computed by using the state equation
where ρ 0 represents the rest density. Then, the pressure force F p i can be obtained as follows [29] .
A. Spatial Derivatives
Before explaining our CISPH method, we will introduce the spatial derivatives of SPH. In the paper, the derivative of a product [38] is used. We have
which can be rewritten as
This leads the following expression:
Therefore, the gradient of the function A i can be represented as follows:
Similarly, the divergence of a vector field A i can be approximated as
Finally, we combine the Eqn. 12 and Eqn. 13 for calculating the gradient field and the divergence of velocity.
Replacing A i with v i which is substituted into the equation (4) yields:
IV. COUPLING COMPUTATION OF DENSITY-INVARIANT AND DIVERGENCE-FREE In order to avoid the density-invariant and divergence-free conditions applied separately, we consider the two conditions together in continuity equation to guarantee the stability of fluid and save time. By formulating and solving a set of positions constraints based on Position Based Dynamics framework (PBD) [39] , we correct the continuity equation error after the time integration.
Algorithm 1 outlines our equation of continuity solver which satisfies the divergence-free and the density-invariant conditions. In the beginning, we find the adjacent particles of each particle i mentioned in formula 6. The ρ i depends on the distance between particles, the support of the kernel function and particle mass. Then, the pressure computation is directly derived from the Navier-Stokes by using the formula 8. The viscosity is applied in [29] . Since the constraint condition C i is preserved by the particle positions and takes the particle's position as the only basic variable, both the divergence-free and density-invariant conditions are satisfied together in this moment. Lastly, the resulting positions are further modified by the continuity equation.
CISPH based on PBD predict the continuity equation error by using the time derivative of the density. The formulation is computed by directly discretizing in the continuity equation Dρi Dt = −ρ i ∇·v i . The density ρ i at a point in time t is obtained from t − ∆t using the the first order Taylor approximation, which yields
where v ij (t) = v i (t) − v j (t) and ∆x ij (t) = ∆x i (t + ∆t) − ∆x j (t + ∆t). After reformulation and using ∆x i (t + ∆t) = x i (t + ∆t) − x i (t) , ∆x j (t + ∆t) = x j (t + ∆t) − x j (t) and ρ i (t − ∆t) = ρ 0 we get
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Algorithm 1: Simulation Loop for each particle i do find neighborhoods;
mi ; x * i = x i + v * i ∆t; end while iter < maxIterations and |C i | > threshold do for each particle i do compute ρ i end for each particle i do
|∇xCi(x)| 2 ; end for each particle i do
Therefore, at time t, Eqn. 16 equations can be arranged as
The constraint C i for enforcing the divergence-free condition and density-invariant condition can be computed as
where ρ i is given by the standard SPH density estimator Eqn. 6:
C i = 0 means that CISPH satisfies the divergence-free condition and the density-invariant condition at the same time.
Inspired by the position-based dynamics [39] , we will show how to find our density and divergence correction that makes the constraint zero:
By utilizing the Taylor expansion, this equation can be approximated by
Restricting ∆x to be in the direction of ∇ x C means choosing a scalar λ such that ∆x = λ∇C.
Substituting Eqn. 22 into Eqn. 21 yields the final formula for ∆x
If ρ i >= ρ 0 and
>= 0, the derivative of the constraint C i can given below.
Similarly, the other three cases can be computed in a similar manner.
So, the constraint condition C i (x 1 (t), x 2 (t), ..., x n (t)) at time t taking the particle's position as the basic variable and other variables are replaced by constants.
Finally, the position is updated by mixing in some of the constraint force back into the constraint function [30] , for this change (21) for PBD
For the correction of 24 and 22 , we have the final position update ∆x on particle i
The simulation loop in detail is outlined in Algorithm 1. We can adopt the PBF algorithm [39] to satisfy the continuity equation. The position of the particles and the constraint values C in each solver iteration are constantly updated to achieve a good effect with stabilization. In this experiment, we test our approach in several scenarios and compare the results with the method of DFSPH [13] , FISPH [12] . Our simulations ran on an Intel(R) Core(TM) i7-4790 CPU @ 3.60GHz with 12GB RAM. We used η = 0.132 for the thresholds of the DFSPH, FISPH and our method (CISPH). In this work, the W poly6 (r, h) and W spiky (r, h) [29] as the kernel function, where r is the radius of a SPH particle and h is a smoothing length of 2r. The comparison of our experiments with the same physical parameters, which shown in table I. Fig. 2 . A dam-breaking scenario from the corner to the other side wall with 70.4K particles. The 70.4K particles are simulated with Ours (left column), DFSPH (middle column) and FISPH (right column), respectively. The particle distribution of our method is more regular and homogeneous than that of the DFSPH or the FISPH. Fig. 3 . Density over the dam-breaking scenario simulation. Our algorithm maintains compressibility which is similar to DFSPH and FISPH. Color key: Blue, FISPH density. Red, our method. Green, DFSPH.
V. RESULTS
A dam-breaking scenario with the liquid of 4,800 and 70,400 particles is performed to compare the performance of our approach with DFSPH and FISPH. We measure the particle distribution among the three cases and depict the result in Fig. 2 by fulfilling the DI condition, DF condition and continuity equation at the same time. As show in Fig. 1  and 2 , the particle distribution of our CISPH is more regular and homogeneous than that of the DFSPH and the FISPH. Furthermore, by integrating the DI and DF conditions and taking the the particle's position as the only basic variable, we can effectively ensure the stability of incompressible SPH in Fig. 6 . The velocity divergence error of a resting fluid pillar with the liquid of 70K particles in our simulation is also measured in Fig. 4 and Fig. 5 . These Fig. shows that our approach also maintains the divergence-free velocity field in contrast to DFSPH and FISPH. The maximum local divergence error of our method is about 2, approaching to the value of DFSPH, which is about 1.9. The velocity divergence error become smaller as the number of iterations increases and fluctuates from 0.8 to 1.0. So, the CISPH achieves the similar simulation effect compared with other methods. Fig. 4 . Top of a resting fluid pillar. The maximum local divergence error of our method is no more than 2, which is close to DFSPH about 1.9 [13] . The compressibility of applying the divergence-free and the density-invariant conditions in the normal dam-break experiment is given in Fig. 3 with 4 ,800 particles. Our algorithm maintains compressibility, and a time-density curve over the simulation confirms that the compression levels are similar to DFSPH and FISPH. Especially after 100 frames, our compression becomes more and more stable. The density is controlled within a narrow range. Just as Macklin and Muller [30] suggested, they are work on real-time applications for system performance. So, we also set the iteration times with a fixed value (typically 2) rather than solving for a specific error threshold. However, we also illustrate the convergence of our approach over multiple iterations in the dam break scenario in Fig. 7 . The divergence-free and the density-invariant conditions have been merged together in the continuity equation, instead of considering them separately. The performance analysis of DFSPH, FISPH and CISPH are compared in Table II and in Fig. 8 , which shows the timing results under the same densityinvariant and divergence-free constraint. That's a significant saving in the amount of time required to simulate fluid. It reduces about half the time than DFSPH and FISPH.
A dam-breaking scenario from the corner to the other side wall is tested in Fig. 10 . We also tested a scenario in which a bunny-shaped liquid drops into the stagnant liquid to generate splash water drops. It's about 16K particles for making a bunny-shaped liquid blob in Fig. 9 . Two examples produced with our incompressible simulation Fig. 11: (a) A fluid represented by 192K particles colliding with a cuboid obstacle. We can see that the scenario keeps the general nature of the fluid. (b) A dam-breaking scenario allows a stable simulation with 576K moving particles. More details can be found in the supplemental video. 
VI. CONCLUSION
In the paper, we have proposed an incompressible SPH framework that couples the computation the density-invariant and the divergence-free conditions improve incompressible SPH. Our method utilizes the continuity equation of the SPH framework and modified particles' positions. In addition, we take the position of the particle as the only variable that can adjust the particles distribution and significantly reduce the clumping artifact of the particles. In each convergence iteration, by constantly correcting the position of the particles, we control the stability of continuity equations to suit the density-invariant and the divergence-free conditions. Due to the coupling computation of the density-invariant and the divergence-free conditions, the computational efficiency of the SPH is greatly improved. The simulation experiment effect of the proposed approach has similar results with the method of DFSPH and FISPH.
Our method also has some disadvantages. In CSPH simulations, the maximum time step of our method does not exceed 1.2ms. We expect an effective algorithm to improve position based dynamics method [39] to further extend the time step. Besides that, the particle defects near the boundary have not been considered in our current implementation, they can cause the fluid particles clumped and the wall drag effect near the boundary. One possible approach to address this is using over-sampled fictitious particles at the solid boundaries to compensate for the neighbor insufficiency as described in [21] can solve this problem. The future work of simulating multiphase fluid and application of SPH to other fields are interesting topics. The platelet activation and blood coagulation are quite complex and have not yet been fully understood [40] . We want to couple biochemistry and SPH model to simulate the phenomenon of coagulation and clot formation in blood flow for our future research.
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